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1. Introduction. 



Physics of D-branes has long been a subject of intense study^, driven by the motivation 
to obtain new insights into the structure of the moduli space of string theory proper and 
to better understand the emergence of an essentially stringy geometry and gauge dynamics 
within any field-theoretic or matrix model approach to the propagation of strings in curved 
gravitational backgrounds with fluxes. An example of such a background is a compact Lie 
group G (1^] and [^), or a quotient thereof, known to support a nontrivial Kalb-Ramond 
field in a conformally invariant theory. Maximally symmetric (or untwisted) D-branes on 
G have been shown to localise stably (Q) around a discrete set of conjugacy classes (Q) 
and are enumerated by dominant integral affine weights A from the fundamental affine 
alcove P^(0)^, i.e. we have: 

(untwisted) D-branes on ^[/(Af + 1) ~ TZep integrable \^^Nj-= © -^A, 

highest weight A£P''(yl]v) 

(1.1) 

in the case of interest, with 



{N ^ \ 

A = J^AiA^ GP*(.4Ar) V^^y;^ : E N A ^A, <kI 

1=1 i=l ) 



[1.2) 



where P*{Ai^) is the weight space of Aj^j and A* are the fundamental weights. The above 
defines the particular class of WZW manifolds whose orbifolds shall be the subject matter 
of the present paper. 

In a (quantum) matrix model of branes in WZW models was constructed, based 
on certain quantum algebras called Reflection Equation (RE) algebras. The latter have 
representation theory closely related to that olUq{A^), which - in turn - is known to have 
irreducible highest weight representations such as those of j4^^ . 

In this paper we extend the former construction to a new class of WZW backgrounds, 
namely - the so-called simple current orbifolds of the WZW geometries of type Aj^j. Sim- 
ple currents are known to form an Abelian group, contained as a proper subgroup in the 
group of outer automorphisms of A^"^ (we shall denote the latter by Out (^A^^^). Thus 
an orbifolding of the corresponding matrix model based on REAg(j47v) requires that the 
algebra has the same group of outer automorphisms as the affine algebra. Indeed, we show 
that Out (REAq(AAr)) = Out i^A^^^ and moreover, that the action of both sets of automor- 
phisms on branes is identical. As a result. Out (REAg(j47v)) acquires a geometrical meaning 
necessary to perform the construction of the orbifold. Furthermore, it is straightforward 
to identify the CFT monodromy charge in REAg(^jv) so that the orbifolding itself admits 
a purely algebraic and hence natural realisation in the framework developed, reminiscent 
of the original approach to orbifold models advanced in [P] . 



^See for a detailed review and an exhaustive list of references. 

■^Here, as anywhere else in this paper, we restrict our analysis of the pre-orbifolding CFT to the diagonal 
case in which Cardy's classification of boundary states applies (m). 
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At this stage we may already outline and assess the content of the present paper. In 
Sect.|2|. we briefly describe RE algebras, their automorphisms and their relation to branes, 
shifting some technicalities to the appendices. In the following section we apply our results 
in a construction of quantum orbifolds and discuss their properties in some detail, whereby 
we also arrive at a particularly straightforward interpretation of the monodromy projection 
(known from BCFT) accompanying simple current orbifolding. These two sections form 
the core of the paper. In Sect.^ we present an explicit example of branes on the SU{2)/'L2 
orbifold. 

The all-important details and notation can be found in the Appendices. The first 
one, AppjA], introduces the necessary BCFT background. In App.^ we present a path 
leading from BCFT to the quantum matrix model. The remaining Appendices contain some 
relevant information on the algebras: lA^'^{Ajsi) and REAg(A^) and their representations. 

2. The Reflection Equation Algebras and branes. 

Similarities in the representation theory of the algebras: A^^ and Uq{Ai\]) {q being 
a root of unity) are widely appreciated. There are, however, important differences as 
well. One of them is the outer automorphisms group , Out = Aut/Int. For A^^^ the latter 
reflects the symmetries of the appropriate Dynkin diagram. Out ^A^^^^ = Zjv^_i KZ2, while 
for Uq{Afy[) we have Out{l{q{A^)) = k Z2. The difference is crucial in the context of 
simple current orbifolding since - according to - the group generated by simple currents 
under OPE is precisely the strictly affine factor of Out (^A^^^^, that is - Z^v+i. 

In this section, we investigate the so-called Reflection Equation Algebra ([p!o|, |ll|), 
closely related to a modification of Uq{Aj\f) named the extended quantum universal en- 
veloping algebra and denoted as Uq^^{Ai\f). As we explore its representation theory it shall 

become clear that, beside representations, REAg(Aiv) shares with A^^^ the set of outer 
automorphisms Z^v+i x Z2, with - as indicated by our results - the same geometrical mean- 
ing of the liN+i factor as in the affine setup. The last property is crucial for constructing 
orbifold models based on KEAq(A]\f) in strict analogy with the WZW orbifolds discussed 
in App.^ 

Recall that the Reflection Equation Algebra, REAg(^7v)) is the algebra generated by 
the operator entries of the matrix M determined by the celebrated Reflection Equation 

my 

R12M1R21M2 = M2R12M1R21. (2.1) 
The independent central terms of this algebra are given by ( ||l^ ) 

Ck := tr,(M'=), k e TJi, (2.2) 

/C:=M;^^,^^+, = e-i^^"=i"^", (2.3) 

^Aut is the set of all automorphisms, with the identity adjoined to endow it with the group structure. 
Int is the set of inner automorphisms. 
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where on the r.h.s. of the last formula we used a specific representation of Mn+i,n+i, to be 
justified presently. We interpret Mj^'s as coordinate "functions" on a quantum manifold, 
thus Cfc represent algebraic constraints on positions of submanifolds to be associated with 
branes. Amazingly, the last Casimir, /C, is related to the BCFT monodromy charge as one 
can easily check by comparing the above with ( A.17| ). 

There is one more scalar, the quantum determinant, to be set to some specific value: 



detgM 



I. 



(2.4) 



A 1 I K 27riL 

As an immediate consequence of (|2.1| ) and (|2.4f) we get M — > e^+iM, L € Zjv_|_i\{0} 
as outer automorphisms of REAq(AAr). Here we shall be interested in finite dimen- 
sional representations of JU^Aq{Ai\f) induced through the homomorphisms: REA|j(j47v) ^ 
Ug^^{A]\f) ^ Uh{Aj\f) from highest weight irreducible representations of the latter algebra, 
with a non- vanishing quantum dimension (see App. C.2 ). We shall demonstrate that the 
above homomorphisms give rise to Out{YlEAq{Afyf)) = "Zn+i ^ '^2, with the I^n+i factor 
realised as above and the remaining Z2 being the standard mirror symmetry of the Dynkin 
diagram of ^at. 

The action of the outer automorphisms ( C.16| )-( C.17 ) (with the generator denoted by 
■q) reads 



eN+iM, 



which implies 



27rifc 



(2.5) 



(2.6) 



It appears that the above is the same as the left action of the inverse of the Casimir (|2.3| 



K 



-i 



>L Mij : = 



(2.7) 



This is just an algebraic analogue of the ordinary geometrical left regular action: 



g^i9, 5 e SUiN + 1) , 7 e z{SU{N + 1)) ^ z^+i. 



I can be 



Next, we turn to Out{Aj^ ). To begin with, recall that Z^v+i C Out 
identified with a (discrete rotational) symmetry of the fundamental affine alcove P!^{A]\f) 
and also with a cyclic symmetry of the extended Dynkin diagram of A^^\ Moreover, Zjv+i 
has a deep geometrical meaning: it is isomorphic to the centre of the group SU{N + 1), 
thus orbifolding by Z7V+1 means taking the quotient SU{N + l)/ZAr+i with respect to the 
natural action ( |2.8| ). In the Dynkin basis, the action of its generator on P!^(A]\r) takes the 
following form: 



A2, A3, ... , Aiv, K — ^ Aj 



i=l 



(2S 



It results in the rescaling of the eigenvalues of the scalars ( |2.2[) -(2.3): 



eiv+i 



1.2KJV 



(2.10) 
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which matches ( [2?^ ) exactly. Thus the action of Z^v+i C Out (^Ag)j on Ck is the same as 
that of Zjv+i C Out {RE Aq{AN)). 

In order to directly relate both sets of automorphisms in a physically meaningful 
manner we need to modify our former definition of the brane in the algebraic setup. In 
0], string theory branes in the SU{N + 1) group manifold were associated with irreducible 
representations of REAg(j47v)- Here we propose to take the specific (A^ + l)-fold direct sum 
of irreducible representations: 

N 

^A-e^f.,)^^ (2-11) 

as describing the brane assigned to the weight A. The (quantum) manifold of SU{N + 1) is 
thus "foliated" by the set of branes corresponding to all A € P!^{Ai\i). Notice that all the 



summands in (2.11) have the same Casimir eigenvalues which is necessary for the correct 



geometrical picture. The advantage of (2.11) is that^ 



V*Ba = B^*^A, (2.12) 

i.e. the corresponding branes are isomorphic (the same Casimir eigenvalues and the same 
algebra of functions). In this setting rj* is indistinguishable from and so it acquires an 
analogous geometrical meaning, which shall be crucial in our subsequent considerations. In 
particular, it allows us to define the orbifold by dividing out the action of Zat+i generated 
by T]. Orbifolding will "glue" branes with w^-conjugate Casimirs. 

For some non-generic weights ("fixed point" weights) we may have {m'^)^ App = App 
(with =: n G N), i.e. {ri*)^B\pp = B\pp. When evaluated on those "fixed point" 
weights App, some of the Casimirs vanish. This will lead to certain new interesting phe- 



nomena discussed in Sec. 3.2 



As an aside, we note here that as we introduce ( 2.11| ) the requirement of consistency 



with the BCFT data for the pre-orbifolding WZW models necessitates a reformulation of 
the original quantum matrix model, which we now take in the general form^: 

SIa. ■■= ]^Tr, [I + cov^,^(^^)(M)] . (2.13) 

Here cov^^(^^-)(M) denotes an unspecified function of the matrix variable M, covariant 
under the action of Uq{Ajq) described in Q. The action ( 2.13| ) is to be evaluated on 



representations of the kind ( 2.11 ). 

Equipped with these result, one can now try to perform constructions of branes in 
simple current WZW orbifold models, e.g. on the manifold SU{N + 1)/Ziv_|_i. 

3. The quantum orbifold. 

The present section is central to our paper. It contains an explicit construction of the 
orbifold. We also demonstrate the appearance of new quantum geometries. The latter 

^ry*i?A = ^a"*"^ where i?A = ^a^^ ^^'^ where we have introduced the action -q* on weights induced by 
(2.5) in an obvious manner. 
'Cp §. 
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describe fixed point D-branes of the simple current Zjv+i-orbifold of the WZW model of 
type An- 

In orbifolding, the Casimir /C proves to play a prominent role. It was used in ( |2.7D 
to implement the appropriate action of ^at+i on the coordinate variables Mij. Upon 
restricting to the set of corresponding /C-invariant monomials within REAq(AAr) we recover 
the orbifold algebra in the form^: 

— span (^Mi^j^Mi^j^ • • • Mij^^-^jj^^-^'^ / lRE,Aetqi (3-1) 



where lRE,detq is the ideal generated by {2A) and (2^), rephrased in terms of the invariant 
monomials. Clearly, the orbifold algebra is unital. 

Determining the geometry of D-branes in the quantum-algebraic setup requires two 
pieces of data: the algebra of "functions" and its representation theory. Thus it is legitimate 



to consider - in addition to (p.T]) - the action of /C on ( 2.11 ) : 



IC>VA = Ra{IC)va = e^^^^^A, VA G Ba. (3.2) 

In this case, projecting onto the subset of /C-invariant representations is tantamount to 
imposing the condition: 

C(A) = mod iV + 1. (3.3) 
The latter means that the monodromy charge ( [A. 16 ) of the representation considered 



should vanish, in accordance with the BCFT results (cp App.^). 

Altogether, the Casimir /C is seen to realise the action of Z^v+i C Out (REAg(yljv)) 
both at the level of the algebra and that of the associated representation theory, sending 
us from the original geometry - as given by KEAg{Aiy) and T^epind. (REAq(^jv)) - to the 
orbifold one upon dividing out its left action on the two components. 

In order to be able to assess the structure encoded in ( |3.1D we distinguish within the 
set of ZAT+i-invariants the following subsets: 

{M^+H , {ciM^},... {cNMij , CN-iCiMij , CN-2C2Mij , ... , cfMij} , {detgM-I}, 

(3.4) 



where symbolically denotes an arbitrary monomial in M^^s of degree p as in ( |3.lD . 
The above decomposition shows that the orbifold geometry associated to a generic weight 
(on which some Ck ^ 0) is as in the pre-orbifolding case i.e. it is generated by Mjj's 
(modulo iREAetqi as usual). For these weights, we may take the definition of the brane 
on the orbifold to be as in ( |2.11 ), supplemented by the constraint (3^). The fixed point 



geometries, on the other hand, display an altogether different structure, analysed at some 
length in the next section. 

It ought to be remarked at this point that the orbifolding described cuts the range of 
admissible affine weight labels A to P^{Af^) /Tjaij^i, with the division determined by the 
action of (equivalent to r/* in this case) together with the monodromy projection ( |3.3D . 

®The discussion below is confined to the maximal Zjv+i-orbifold for the sake of concreteness only but 
the conclusions drawn are of general validity. 
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The resulting set spans an A^-dimensional solid within P'^{A]\f) with vertices defined by 
the vectors: 



^ : (0>fA^^(A^■ + A^>^),^(A^+A^),^5;A'^^ . (3.5) 

One should note, in particular, the presence of the central weight -^^^^[1, !,...,!] (Dynkin 
label notation) in ( p. 51 ). It is an actual element of P!^{An) whenever + 1 | k (A^ + 1 
divides k) and an actual element of P^(A7v)/Zjv-(_i iff A^ + 1 | 

3.1 New geometries in 'REAq{Aj\[) f^N+i- 

The non-generic features of orbifold geometries come to the fore whenever there is a 
fixed point of the action of (u;^)^ on P!^{A]\f) for some 1 < D < N+ 1. In this case some of 
Ck vanish^, as follows from ( p.lOl) : since the + 1 independent Casimir eigenvalues pick up 
the A^+1 independent phase factors under the simple current rotation u;^ the corresponding 
weight App will be stabilised by (lj^)-^ iff the Casimirs whose eigenvalues do change under 
the latter vanish. The same conclusion holds for r] due to (|2.12| ). Among the nontrivially 
stabilised weights there migth be a distinguished one, sitting in the geometric centre of the 
A^-simplex of the fundamental affine alcove (cp (^]^) and subsequent remarks). 

We want to gain some insight into the structure of fixed point algebras. To these 
ends consider a restriction of the algebra of Z^v+i-invariants to the representation (2.11) 



of REAq(Ajv) associated with a given weight A and characterised by the following set of 
non-zero Casimir eigenvalues: 

Cki , , • • • , Ckjf / (3.6) 



where Cj := Cj j € 1,N and Cj = for all i ^ {ki, k2, ■ ■ ■ jk^}- 

We then claim that the corresponding coordinate subalgebra is generated 
by independent monomials of degree n such that 

n = gcd{N + l,k,).^j^. (3.7) 

Here is the proof of our claim. Let n be as in ( |3.7| ). Given ( |3.6D , one can form a polynomial 
of degree A^ + 1 (a Zjv+i-invariant) Uf=i(^l]MP, where MP is an arbitrary monomial 
of degree p and n\p. Thus one can effectively use the monomials to generate the 
orbifold algebra. Next one takes products {M^Y with / > the smallest number such that 
{MPy = MP^detgM for some non-zero pi. Then pi < p and pi is divisible by n. Continuing 
the procedure one concludes, after a finite number S of steps, that it is monomials M^^ 
that generate the algebra, with ps \ + 1. One can subsequently perform analogous 
reduction with respect to each of the non-vanishing Casimirs, whereby one finally reaches 
the desired conclusion (3.7). 



The monomials M" are invariant under Z„ C '^n+i generated by rj^. The subgroup 
Z„ is the stabiliser of A within Ztv+i- In the distinguished case of the central weight (and 
exclusively in that case) all = and we recover the full Z^v+i as the stabiliser, with the 



Recall that we have imposed /C = 1. 
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the "fixed point" brane is generated by the monomials M". RecalUng that R^^^ = 
g#TT+^ (see App.[C3| and App.p^) we thus obtain, symbohcally, (r^'^^^) = (-Ra)" 



algebra of monomials of degree + 1 as the generating one. We expect the emergence 
of essentially new quantum geometries whenever the number (3.7) is greater than one. 
These quotient geometries are described by proper subalgebras of REAg(^iv) and - as 
argued below - have a reduced representation theory. We plan to dwell on this subject in 
a separate publication. 

3.2 The fixed point resolution. 

Here we shall deal with one of the "fixed point" weights A = A^^p which defines the 
group Zn as above. Following the definition (|2.11| ) we consider 

TV n-lD-l 
L=0 x=0 L=0 

where the equality holds due to {uj*)^A = A (nD = N + 1). The space of functions on 

From this point of view the x-dependence in (3^) drops out completely on passing to the 
orbifold geometry. Consequently, we could choose 

D-l 

= (3.9) 

L=0 

as a possible definition of the (fractional) brane. The latter satisfies {r]*b/^)^ = (buj*^A 
(see (^l2D), which is necessary for the geometrical meaning of r/. 

On the other hand, the BCFT results indicate that for each such a fixed point weight 
there should be n different branes. This means that we need to distinguish different x 
labels somehow. We shall do it by introducing a certain cross product extension of the 
algebra generated by M". Given the action of the Z„-generator 

i^r f i?^;)?^) = (3.10) 

\L=0 / L=0 

we see that the original module ( p.Sp splits into (r7*)^-eigenspaces as 

N n-1 /D-l n-1 \ 

^{<^*^)^A = ^foS^A ' (3-^1) 

L=0 y=0 \L=0 x=0 / 



where the projectors Py onto respective eigenspaces are 

^ n— 1 

PyPz = ^,zPy, y,zeo;7r^. (3.12) 

m=U 

We can then identify, for arbitrary y G 0, n — 1, the ;B^-brane: 

^^=^.f00«S;)?A)• (3-13) 

\L=0 x=0 / 
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The crucial property of B\ is {r]*)l3\ = B^, ^ from which {rj*) B\ = B\ fohows. We may 



equivalently rewrite (3.13) as 

Bl = bA®Py, (3.14) 

with py - the y-th irreducible, one-dimensional representation of Z„. Consequently, we 
define the space of functions on the y-th brane {y = 0, 1, n — 1) to be generated by 

M'^^PyilC), (3.15) 



where Py{JC) is as in ( |3.12D but with r/* replaced by IC, and py (/C j = . The crossed 



product structure is completed by defining the product of the generators ( |3.15D . The 
latter is inherited from the following^ crossed product {Mij (g) /C^'™-) ■ {Mi'j' /C^'™ ) = 
Mij(/C^ ™ >L Mi/jv) (g) /C^ (™+™') and reads (symbolically) 

(Mf (/C) ) • (M2" Py (/C) ) = 5^^y M^M^ P^ {JC) . (3.16) 

The algebra thus defined, together with its representation theory, describes the so-called 



fractional orbifold branes, discussed in the present context e.g. in |14|. Their existence 
was inferred, in particular, from the structure of the fixed point boundary OPE algebra, 
encoding the crossed product extension of the relevant algebra of functions, as argued in 



14]. Finally, let us add that the emergence of the crossed product extension of the algebra 
of functions at fixed points of the orbifold action is a general feature of matrix models of 
orbifold geometries, reflecting the existence of fractional branes (p5|]). 

3.3 Orbifold brane tensions. 

An important and nontrivial test of the construction presented above is the compu- 
tation of tensions of the orbifold branes within the framework developed. In so doing we 
follow the scheme advanced in the original papers, [^, that is - we compute the tension of a 
brane labelled by the weight [A] € 15 C P'^{An) by evaluating the first term of the effective 
action ( |2.13D on the associated representation, for a fixed point weight A = App, 

or Ba ='■ ^[A] off- fixed-point one (clearly, the orbifolding of off- fixed-point modules 

produces modules isomorphic to the original (pre-orbifolding) ones). Beside giving rise to 
the aforementioned crossed product extension of the fixed point algebra of Z^v+i-invariants, 
the latter yields the correct result for the tension of resolved fixed point branes ^f\pp] '■ 

— ^f-Trg| y I = — i— - • L> • Tr^l I = -£App, y G n = \S{Afp)\, {3.17) 

A* + 1 [App] A + 1 '"-App n 

falling in perfect agreement with the BCFT data (cp (|A.7D ). It is supplemented by an 

off 
[A] 



equally satisfactory result for generic (off- fixed-point) branes B°^^ ■ 



an immediate consequence of the lack of an internal mechanism of spectrum reduction in 
this last case. 

'Cp (li. 
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4. An example: branes on MP^ . 



Below we detail the particularly simple example of the antipodal Z2-orbifold of the 
quantum matrix model for sUk(2), k G 4N*. The model is exemplary in that it develops 
precisely along the lines discussed in the previous sections, hence we restrict ourselves here 
to its q-geometric interpretation, relating our results to some well-established mathemat- 



ical constructs of |lf:] and |17|. The BCFT properties of the corresponding branes were 



discussed in [0, |T|]. 
4.1 The setup. 

Our starting point shall be the RE algebra suggested in Q as giving a plausible compact 
description of the quantum D-brane geometry on WZW group manifolds. Since we aim 
at describing the stringy geometry of the antipodal orbifold of SU{2) we will focus on 
the RE algebra generated by the operator entries of a matrix M subject to the reflection 
equation ( |2.1[ ) in which R is the standard (Cp [jl^) universal 7^-matrix of Wg(su(2)) in the 
bi-fundamental representation, 

2 

R= ^ i?*^;ejfc(8)ej7 = g'eii(g)eii + ge22(X)e22 + eii(g)e22 + e22(8)eii + Aei2<8)e2i. (4.1) 

i,j,k,l=l 

Having parameterised M as 

M= ( M,-n'M, ^q'\^,M^,\ ^^^^^ 



-iq~ 2 VPIgMi M4 + iMo 

we may write down the additional Casimir constraint: 

rH = detgM = M| + - g"^MiM_i - qM^iMi , (4.3) 

in a natural way, with interpreted as the radius squared of the group manifold, S^, which 
we set roughly proportional to the level of the underlying WZW model (cf [0), 

r ^ a/o'ki. (4.4) 



The RE (2.1) now takes a manageable (component) form (i G {0, 1, — 1}): 

[M4, Mi]=0 , MoM_i = qM^iiqMo - iXM^) 



MiMq = q{qMo - i\Mi)Mi , MiM_i - M__iMi = \Mq{Mq - iM^). (4.5) 

The above algebra, further constrained by ([4.3|), is easily seen to reproduce (after diago- 
nalising the central element M4 and some trivial rescalings) the celebrated Podles' spheres, 
§g_^, with the parameter c essentially determined by the value of M4 (cf []l6|). 

Bearing in mind the clear geometric picture of the RE A, we should expect that the gen- 
eral q-automorphism ( p.5| ) corresponds to the standard antipodal identification of "points" 
on §g. In order to verify that we consider the embedding ( p.2| ) and compute 
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where now 

/C = e-^'^. (4.7) 

The Casimir yields 

(A+l)7r 

Thus the quantum Z2-automorphism ( |2.5D reads 



/C^ > ci = /C^ > T;^trg(M) = > ^ ^^-^^l ^"^' 



r/:M^^-M^, /x G {4, 0, 1, -1}, (4.9) 
just as required for the automorphism to have the interpretation of an antipodal map 



on §g. The monodromy operator (4.7) acts trivially only on integer-spinned irreducible 



q 

representations. 

We are now in a position to explicitly construct the q-matrix model for the ^^"^^p"''-. 
orbifold of the 5U«(2) WZW model at k € 4N*. 

4.2 The orbifold. 



In the light of the general results of Sect. 3. 2. the coordinate algebra of the Z2 



yantipod. 



orbifold of the stringy manifold is the algebra of quadratic monomials in the generators 
of REAg(su(2)), Z2-extended - in the case of k € 4N* - at the unique central fixed 
point, App = ^. The algebra of Z2-invariants, defining a quantum manifold which could 
be called the real quantum projective 3-plane, MP^ , is easily verified to be generated by 
the mutually independent operators: 

O (MP3) = span (l, M^, Mf, M^^, MqMi, M.^M^, M|, M4M0, M4M1, M4M_i> /lRE,dct,, 

(4.10) 



where lRE,detq is the ideal defined by a set of relations, deriving directly from (O) and 
([4.5|). The relations are not very illuminating and shall therefore be left out. 

An important feature of the ensuing algebra is the central character of M| which shall 
consequently be used to label inequivalent irreducible representations. Thus for M| 7^ 



(or A 7^ $) we recover quantum 2-spheres, as discussed in Sect. 3.1 and indicated by the 



BCFT. At the fixed point, on the other hand, where the original RE and ( |4.3| ) simplify, 

MoM_i = (7^M_iMo , Ml Mo = q^MoMi, 



MiM_i - M_iMi = XM^ , - g-^MiM_i - gM_iMi = r\ (4.11) 

the orbifold algebra reduces - upon choosing the rescaled generators: 



[2] 



1 



{P,R,R,T,T) := ^ { -^Mlq^Mlq^Ml, 



^2 2 



[2], 



=MoMi, 



:M_lMo 



(4.12) 



to the MPg algebra found in |17], generalized here to q a phase and no longer real. According 
to the general discussion of Sec. |3.2| we have two inequivalent MP^ -branes corresponding to 
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the two inequivalent irreducible representations of the stabihser group Z2 (with D = 1 of 
Sec. |3.2| here). 

We remark at this point that - as fohows from the restriction to irreducible represen- 
tations of vanishing monodromy (i.e. - in the case at hand - integer spin), effected by ( p.2[) 
- it is only the integer spin branes that compose RPg- 

Space of functions 

Here we perform more scrupulous a comparison of the two descriptions of the fixed 
point geometry: the BCFT and the algebraic one. The modified (according to App.^ 
fixed point BCFT brane geometry decomposes as (k G 4N*): 

H 

span(4Yo"'*^^""'*) ^ _=©(2K + 1). (4.13) 

— -0 
2 

In the matrix model, on the other hand, we are free to take arbitrary monomials in the 
generators P, R, R, T, T, with the (even integer) spin of any such monomial determined by 
its overall degree in the original coordinates Mj, j G {0,1,-1}. Restricting to the basis 
monomials (fl^), ordered according to their spin 2s G 2N, 

pmj^s-m^ pnj^s-n^ plrpps-n-l^ pnf ps-n-1 ^ m G U;^, n G 0, S - 1, (4.14) 

we should obtain as many independent operators as there are even-spinned primaries, 
which - clearly - is not the case^ unless we truncate the spin of the monomial generators 
of the equatorial MP^ algebra as s < ^ . The dimension of the space of monomials reduces 
accordingly, 

5'> — — 

E + 1) ^ E(4« + 1) = ^ (f + l) (f + 2) > (4-15) 

s=0 s=0 

to yield precisely the BCFT-dictated number of geometric degrees of freedom on the side 
of the matrix model. With this last observation we conclude our exposition of the simple 
example of quantum orbifold geometry. 



5. Summary. 

In the present paper, we advanced a quantum-algebraic model for curved non-com- 
mutative D-brane geometries on simple current orbifolds of the SU{N + 1) WZW man- 
ifolds. Following the original ideas of |^] we were able to consistently encode the BCFT 
data, regarded here as the ultimate foundation of all our constructions, in a simple al- 
gebraic framework based on the central idea of quantum group symmetry, as suggested 

^The origin of the mismatch traces back to the failure of the original Drinfel'd twisting procedure to 
render the ensuing g-deformed OPE algebra associative in the entire range of spin parameters of the theory. 
It turns out that - as was remarked already in [Q] - the associativity breaks down as early as A — i? (^), 
half-way between the north pole of and its equator. 
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by the structure of the CFT itself. Our study of the relevant Reflection Equation Alge- 
bras revealed significant structural similarities between the latter and the BCFT of the 
corresponding WZW models. The similarities, present both at the level of the respective 
representation theories {Out (^^iv^^ versus Out {JlEAq{Aj\f))) and at the level of the al- 
gebra (the (resolved) orbifold BA versus the (cross-product-extended) REAq{Aj\f)/Z]\f+i), 
provide nontrivial evidence for a close relationship between the Uq{AN)-ielated algebras 
REAg(A7v) and the stringy geometries defined by the BCFT. An important feature of this 
relationship is its naturalness. It follows - in particular - from the clear geometric meaning 
assigned to REAg(AAr), which - in turn - induces a simple realisation of classical- type sym- 
metries (whether continuous or discrete as in the present context) of the non-commutative 
manifolds defined by REAg(yljv)- One of the important manifestations of the relationship 
is a straightforward identification of the CFT monodromy charge in the quantum-algebraic 
setup. Last but not least, the explicit physical results on tensions of orbifold branes, 
falling in perfect agreement with the BCFT data, lend further support to our choice of the 
algebraic structure deforming the underlying BCFT^''. 

On the more formal side, we draw the reader's attention to the attractive pattern in 
the representation theory of KEAq(Afyf) uncovered in this paper, admitting a straightfor- 
ward explanation in reference to the purely geometrical symmetries of the associated affine 
structure A^^^ . An immediate consequence of its presence is the construction of an entire 
class of new quantum geometries, wrapped by the fractional branes of the matrix model. 

Altogether, the arguments in favour of the proposal (2.11) and ( |2.13D and the as- 



sociated orbifolding scheme are purely formal as well as physical in nature, turning our 
description of both the pre- and post-orbifolding g-geometry into a viable candidate for a 
quantum matrix model of (simple current orbifold) WZW geometry. 
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^"it is perhaps worth mentioning that - in addition to the calculations carried out explicitly in the paper 
- we are able within the present framework to test the quantum stability of the brane configurations (2.11) 
as well as examine the ensuing inter-brane excitations using the techniques developed in ||l^. So far our 
results seem to indicate towards stability against decay and reproduce an asymptotically correct picture of 
the lightest open strings stretched between distant branes. 
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Appendices. 



A. The BCFT and its quantum deformation. 

A.l The orbifold OPE algebra. 

The present paper focuses on the study of a class of quantum algebras and 
associated matrix models with the aim of encoding in them the physical content 
of stringy WZW orbifolds. It thus seems natural to begin our discussion with an 
exposition of some elements of the BCFT of simple current orbifolds relevant to the 
subsequent quantum algebraic analysis. 

The orbifolding procedure for WZW models was laid out in [|I4|, which we follow 
closely in this preparatory part, and leads to a formulation of string theory on quo- 
tient spaces G/r, with F - a subgroup of the discrete group sOut of strictly affine^^ 
automorphisms of g^. It consists in dividing out the action of F which - at the level 
of the relevant OPE - is generated by simple currents, i.e. primaries with simple 
fusion rules with all other primaries. Denoting by the weight label of a simple 
current corresponding to (7 G F, we have a fusion rule: 

3!gAgp«(g) : A<,x^A = ^A (A.l) 

for an arbitrary weight label A G -P+(0). The Abelian group formed by simple 
currents under fusion is known to be isomorphic with the group of strictly affine 
automorphisms. 

The action of F on the set of all primaries, labelled by weights A G P^(0), 
decomposes the latter into orbits and we take [A] to label all boundary conditions 
associated with A by that action. Some of the orbits may have fixed points, i.e. 
there may be weights stabilised by subgroups of F for which we reserve the symbol 
5a C F. Among these there is a distinguished class of maximally stabilised weights 
with iSa = F. Specialising to the case q = and F = sOut we shall call the 
corresponding fixed points central. An important property of the stabiliser subgroups 
iSa, used in the general BCFT construction, is their independence of the choice of a 
particular representative of the orbit [A]. 

Another ingredient in the orbifolding recipe is the simple current charge Qg{L) G 
M/2Z of a given primary field with respect to the simple current corresponding 

to g, determined by the so-called braiding matrix^^ of the underlying CFT, 



A closely related object is the monodromy charge: 

QgjL) := Qg{L) mod 1 = ^ Qg{L) = Hl + h^^ - hgL mod 1, (A.3) 

^^We give the name to the outer automorphisms of which are not automorphisms of the horizontal 
algebra g. 
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constant on simple current orbits for /i^^ G Z, in which case its vanishing on [A] for 
all 5^ G r places the orbit among those to survive the F-orbifolding 

The last piece of the BCFT machinery we need to deal with orbifold D-branes, in 
particular the fractional ones (l2^), is a little group theory of the stabihsers. Indeed, 
according to the general theory we should have a unique D-brane species over A for 
any of the inequivalent one-dimensional irreducible representations of iS^a]- We thus 
label the boundary states of the orbifold theory with the corresponding characters 
Ca : — > f/(l). Upon introducing the numbers: 

d,^ ^ := 1^ l,^ I E eM{~lf'^'W{h-') (A.4) 



for any pair of overlapping stabilisers iS[Ai] H iS^Aa] 7^ and L such that there exists a 
non-zero fusion rule: A^a'l^l ^ some (7 G F, we then obtain the partition functions 
for stabiliser-resolved orbifold D-branes (r is the standard modular parameter and ■ 
stands for the element-wise product of groups): 

^[XW(^)= |o , E E Nl'ld^XLir), (A.5) 



summing up to the partition function of orbifold orbits (or unresolved D-branes): 

^[t][A.lM = E E ^MlXLir). (A.6) 

ger LgP-(g) 

From ( [A .51 ) we now readily derive the tensions of the fractional branes^'^ by special- 
ising the formula to the case Sa,^ = {id} when it becomes 



Hence the graviton coupling between the fractional D-brane carrying an arbitrary 
stabiliser label a associated with iSai and an off-fixed-point one contributes the frac- 
tion of to the overall graviton coupling between the (unresolved) D-branes, an 
intuitive result we shall demonstrate to be reproduced by the matrix model of Sect.^. 

Having introduced all the relevant formal instruments we may now define an 
action of F on the primaries of the pre-orbifolding theory: 

g > ^(a;) := {-ly^^^'-^^i^l'^^x), (A.8) 

easily verified to be consistent with the boundary OPE ( |A.12| ) and its off-fixed-point 



version due to the following property of the fusing matrix ([Q)- 
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The definition ( [A.8|) provides us with a possibihty to average over F primaries in- 
terpolating between off-fixed-point boundary states, whereby the associated orbifold 
primaries are obtained, 

g'er 

Supplementing the above formula with its fixed-point counterpart^^: 



with the simple current label in both ( |A.1(]| ) and ( [A.ll| ) such that there is a non-zero 
fusion rule: Nj^^l ^ 0, we may finally write down the OPE of the stabiliser-resolved 
boundary primaries: 

^il,n;9l2 y^^)^L2,i2;g23 - Oa^^a^ 2^ 2^ ^12 ^L3,i3;9i239 '^^2jx 

3e5A2 L3GP|(0) «3 = 1 



where we have used the shorthand notation: Xyi '■= Xi — X2 and (7123 := 5'i2fi'23- An 
analogous formula for off-fixed-point boundary states can be obtained from ( [A. 121 ) 
by taking trivial stabiliser labels. 



Prior to passing to the g-deformed OPE algebra we make, after |]T4|, one more 



significant remark: according to the OPE algebra of boundary primaries is a 
stringy deformation of the associative algebra of functions on the target geometry; the 
emergence of stabiliser resolution and the introduction of charge-weighted averages 
over r in the above OPE has - in this spirit - been considered to refiect the existence of 
an algebraic structure called the crossed product extension of the algebra of functions 
on the orbifold, present in the known matrix models of fixed-point geometries (||15||). 
We shall have more to say about this issue in SectJ^. 

A. 2 The monodromy projection. 

There remains one more essential element of the CFT orbifolding procedure that 
we have not considered in detail so far, namely: restriction (in the orbifold theory) to 
the boundary states with a trivial monodromy charge. It is imposed, in particular, 
on the relevant partition function for closed strings on the group manifold G as 

|r| 

Zg{t) Zg/At) = Z-^?)r'^'{T) + J2l'> (A.13) 

k=l 



'a definition proved sensible in |14 
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with the action of the single generator 7 of the subgroup T of the simple current 
group^^ Ttv+i = Zat+i on the standard character bilinears: 

(r)= Yl XA{r)xl{r) (A.14) 

defined as 

7 > XAir)x*A{r) := XtaWxIW, (A.15) 

where 7A is the unique dominant integral affine weight assigned to A G -P+(0) by the 
simple current 7 and ^^(A) is - as earlier - the monodromy charge of the weight A 
with respect to the generating current 7. 

The transition ( |A.13| ) is, in fact, an instance of averaging - in the spirit of - 
with respect to the action of the orbifold group at the level of G. We may readily 
convince ourselves of the validity of that statement by making use of the crucial 
formula (H): 

Q'fN,M) = §fl niodl (A. 16) 

establishing a simple relation between the monodromy charge of A with respect to the 
generator 77V+1 of the full simple current group, I^n+i, and the so-called congruence 
C(A) of the weight A. The latter is a function on P*(g)/P(g) (with P{g) - the root 
space of g), a space isomorphic to the centre Z{G) of the group G, which - in turn - 
coincides with Zat+i (cp [|4l)- Upon choosing the Chevalley basis for g we may take 
the generator cn+i of Z{G) such is the so-called congruence vector of g) 

c^+i = ei^^-i^'^% z/:= (l,2,...,iV) (A.17) 
that in restriction to the irreducible representation of the weight A it yields"^^: 

27riC(A) o /\\ 

cn+i\r^ = = e2"^«-iv+i(A). (a.18) 

The last identity enables us to rewrite ( |A.14| ) in the following manner: 

' ' 7Gr AGP^(g) 

|r|-i 

= ^\J2 H Mc%'X,)XA{r)xl{r), d:=^eN,(A.19) 

I I A,.=0 A6P^(g) ' ' 

which completes our demonstration. The above averaging was employed quite ex- 
phcitly in to obtain modular invariants for the orbifolds SU{2)/Z2 and SU{3)/Z,3. 

^^We are going to work with SU{N + 1) groups in the sequel, hence the particular choice of the rank of 
the simple current group. 

^^It ought to be emphasised that C is well-defined on irreducible representations, it being a function on 
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In conclusion, we note that ( |A.19|) provides a clear geometric interpretation of 
the projection ( |A.14| ) onto the subset of irreducible representations of g carrying the 



trivial monodromy charge, namely: it should be understood as a transition from the 
(A^ + l)-element set^'' of congruence classes of adjoint orbits (or conjugacy classes, 
labelled by the corresponding weights) within the group manifold of G to the d- 
element subset consisting of all congruence classes associated with the unique non- 
faithful (trivial) irreducible representation of F C Z{G). The transition, on the other 
hand, follows from dividing out the action of simple currents which - at the level of 
G - become encoded in Z{G). 

It seems well worth remarking that the averaging over the subset F of the centre 
Z{G) of the group descends from the somewhat abstract level of partition functions 
to the level of the orbifold boundary OPE algebras. Indeed, a closer look at ( |A.10 ) 
and ( [A .81) reveals the presence of the familiar structure^^: 

*K^'(^)= E Rl{i'Wl-'''\^)- (A.20) 

7'6rcZ(G) 

Given the geometric interpretation of both the projection and the boundary OPE 
algebras themselves it is quite natural to expect the above general pattern to repeat 
itself in the quantum-algebraic setup to be developed. 

B. Quantum deformation. 

The first step towards an algebraic description of WZW D-branes is taken at the 
level of the general boundary OPE: 

Vl>AiA2/'„ NvI>A2A3f™ \ ^ ^h^+h2-hz^\ik3(^\T^^ ^ \ Li L2yi,i2;i3 L1L2L3 

Li,hy^^)^ L2,Z2y^^) OPE 2^ 2^ ^L3,i3la;2j^A2L3LAi AsJ^ C^iiais ' 

(B.l) 

in which -FAj^^g [ aJ A3 J « ' ' fusion matrix of the model and c^^ij^ ^ are structure 

constants encoding the group-theoretic nature of the indices carried by the horizontal 
descendants ^l/^J^^ of boundary primary fields (for details cp, e.g., 

With the aim of extracting from ( [B.l| ) the D-brane geometry we make the usual 
assignment (cp and earlier papers on non- commutative stringy geometries): 

so that the algebraic content of (|B.1|) is preserved, 

Al ^3 

„/,AlA2 / A2A3 ._ 7//i^3Fa r i2l*l'*2;*3 L1L2L3 moN 

WL-,,h^WL2,i2 ^i3,*3-^A2L3 LAi A3 Jk ^ili2i3 ' y^''^) 

L3eP:f(0) i3=i 

^^The number Af + 1 is known in the present context as the index of connection of G. 
^**We restrict ourselves to the off-fixed-point case for clarity of the exposition only. 
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and only the world-sheet dependence is dropped^^. The Boundary Algebra (BA) 
thus defined is readily demonstrated to be non-associative and so it has to be de- 
formed to be embedded in a matrix algebra. The non-associativity follows from its 
hybrid quantum-classical structure. Indeed, while the three-point structure constants 



Cj^^iJ^ ^ classical intertwiners (in the simplest case of the sUk(2) model they are 
just the ordinary Clebsch-Gordan coefficients of SU{2)) the fusion matrix is already 
a quantum entity^°. The last observation leads us to the idea of deforming ( p.3|) , 



L1L2LS ~LiL2L3 /p) ^\ 



in such a way: 



[i j -\o:i,aj;ai „ r ^ ^ -OiOjO, ~a;aj.«„ 



l,ai 



as to turn the latter purely quantum and associative^^, so that 

obtains for -k^ defined as -k in ( [B.3| ) but with the substitution ( [8.4] ). In the above- 
mentioned sUk(2) case the deformation boils down to replacing the classical Clebsch- 



Gordan coefficients with those of Wq(su(2)) and was given in pSf, where it first ap- 
peared, an interpretation in terms of the so-called Drinfel'd twist. The idea was 
developed and exploited in 0, with essential emphasis on the indication, contained 
in the new boundary algebra, towards a quantum symmetry of the underlying D- 
brane geometry and, consequently, of an associated matrix model, built on the as- 
sumption of quantum group covariance. Indeed, by adducing the standard Wigner- 
Eckhart argument, we identify the new boundary operators i'll^l with certain Uq{Q)- 
intertwiners^^ , furnishing an adjoint module of the quantum algebra. A transition 
from the left-right Wq(0)-symmetry of the "bulk" to its thus encoded vector part lies 
at the heart of the quantum-algebraic framework presented. It is in this sense that 
the new algebra constitutes the basis, on the BCFT side, of the models developed in 

0- 



There is yet another feature of (|B.4D which becomes particularly significant in our 



present context. The deformation (|B.4|)-([B^) proves sufficient to turn the orbifold 



^^One can motivate this transition by considering the k — *■ oo limit of (B.l) for a set of boundary labels 
Ai sufBciently close to the trivial weight. 

^"The matrix enters the BCFT analysis at a rather abstract stage and both its role and uniqueness - a 
consequence of strict algebraic constraints imposed upon it - determine it as an already quantum (-group- 
theoretic) object. Cp |2|, ||, 

^^At least within a certain (truncated) range of its group-theoretic labels, cp j^. 



Cp M 
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analogue of ( p.3| ) associative. The proof of the last statement is presented below 
and enables us to start the construction of the matrix model of the orbifold physics 
directly at the level of the original quantum matrix algebra of and seek for the 
automorphisms of the latter corresponding to the elements of the simple current 
orbifold group. The ensuing quotient structure is expected to define the quantum 
geometry of untwisted D-branes wrapping the orbifold. 

B.l Proof of the associativity of the deformed boundary algebra. 

In this appendix we explicitly prove the useful fact: given ( |B.6| ), the deformation 
of the orbifold Boundary Algebra, 

,[Al]ai[A2]a2 , [Aa] ag [A3] a4 _ 

y^Li,h;gi ^5 ^L2,i2\g2 ~ 

"a2,a3 Z-^VL3,i3\ggi2 '^«2 li/A ^) -^!7i'\2,i3 L Ai ggijAg J ^ ''ni2i3 ' 

(B.7) 

renders the latter associative (we retrieve the unresolved case from (|B.7] ) upon setting 
g = id = g'): 

/ , [Al]ai[A2]a2 , [A2] ag [A3] ^4 \ „/, I^s] ag [A4] _ 



\Li L2 l«l.«2;i4 ~LiL2L4 ^ 



g£SA2 L4,,i4 
5'e5A4 L5,i5 



iLi Lz -|j4,i3;i5 p r Li L2 1 *i'*2;«4 ~LiL2L4 ^^4^31-5 ^ 

93i2A3,L5 [Ai g'ggi23A4 Jk "^91^2,^4 [ Aj gc/iaAg J ^ '^iiiaH '^uizib 



g€S A2 L4,i4 



, ria is -|»2,i3;i4 p r Li L4 1 *1'*4;»5 -.LiL2i4si4i3i5 ^ 

92A3,L4 L A2 5'g23A4 J K 51^2,^5 [ Ai g'ggi23A4 J ^ ''iiiaM ^Misis 
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_ , [Al]aj[A2]a2 , [A2] 03 [A3] ^4 [A3] ^5 [A4] ag \ |-, 

C. The algebra W^^*(An). 

We begin with the definition of U^^^{An) which we take to be generated by the 
elements: 



tel,N + l ; jel,iV, (C.l) 

subject to the relations 

keikej = k^^k^. , k^-k_^. = I = /c.^./c^-, (C.2) 

= , = (C.4) 

[E., F,] = (C.5) 

E.^E,- - [2]EiE,-E, + E,E^ = , - [2]FiFjFi + FjF^ = for |i - j | = 1, 

(C.6) 



E,E,=E,Ei , FiF,=FjFi for|i-j|>l. (C.7) 



The Cartan generators k±^.,j G 1, + 1 are defined in direct reference to the stan- 
dard embedding of the root space of the classical algebra, P{A^), in M^+^. We 
thus have the well-known transformation between the simple-root basis, and the 
orthonormal (Cartesian) one, e^. 



ai = ei- Ci+i, i el,N, (e^, ej) = 6ij, (C.8) 

with the orthogonality condition on weig hts A: Ett^ e,) = 0. Clearly, the 
orthogonality condition is encoded in ( |C.3D at the level of the algebra. 



The algebra is endowed with a Hopf structure. In particular, it has the antipode: 
Sk±ei = k±ei , SEi = -k_^^K^_^^Ei , SFi = -Fik^^k_^.^-^, (C.9) 
employed frequently in the sequel . 

^^We denote A := g - [2] := q + q~^ and fc±„e. := fc"^., n G N 
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C.l The centre oiU^''\AN). 

Another interesting aspect of the general tlieory of the extended quantum en- 
veloping algebras is the structure of their centre, Zg^A^), playing a crucial role in 
any representation-theoretic analysis. In the case of the deformation parameter q 
being the 2K7v-th primitive root of unity the centre is known (ll2|) to be generated 
by the scalar operators: 

peculiar to the root-of-unity case, and the Casimir (scalar) operators: 

Zi = span(Cfc)^gY;^, (C.ll) 

explicitly given by ( |2.2| ) through ( p.2| ). On the irreducible highest weight represen- 
tations ejf'^ = = fff"". 

C.2 Relations between REAg(^Ar), U^^\An) and Uh{AN). 
There is a set of algebra homomorphisms: 

T (C.12) 
REA,(A^) 

which we describe in the course of the paper. We denote the corresponding generators 
as: 

• the quantum enveloping algebra Uq{AN): 
{ ' ' ' }j ei^v ! 

• the extended quantum enveloping algebra Ug^^i^Ajy): 
{k±ei, Ej, -Fjligi^AT+i^ jeMV' 

• the /i-adic Hopf algebra Uh{Aj^): 
{Hj, Ej, Fj}j^Y^. 

The only nontrivial images of the generators, given by the homomorphisms (|C.12| ), 
are 

^jeXN '■ ~^ ^e^fc-ej + i, (C.13) 

V,,t;^ : (C.14) 
where (Aj are the fundamental weights) 

TV 

ff,, :=5^(e„A,)/7,. (C.15) 
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C.3 ■Rep{U^''\AN)) and Out{U'^''\AN)). 

Automorphisms of IA^'^^{A]^) are of the phase-changing type^^: 

E„ F,) (e^^'^^'fci,,, E„ e^^^-^^^^) F,) , i G MVTI, J G MV, (C.16) 

2(Pj-Pi+i) = mod 2 , ^p; = mod 2. (C.17) 

As the homomorphisms (|C.12| ) identify the ladder generators {Ej, Fj) of the algebras 
considered, their finite dimensional irreducible highest weight modules are isomorphic 
and have the same highest weight state (denoted as Va). The only effect of the 
automorphisms ( P.16|) - (|C.17|) is a change of the phases of the eigenvalues of the 



Cartan generators k±^.. 

We need to determine the range of p[s. According to the representation theory 
oiUg{AN) (Chapter 7 of 0) and i^J^)-(^J§, 



K.kjl^ = e*"-^g^^ u := (^i, ^2, • • • , u^n) e Z^. (C.18) 



Imposing (|C.3|) we further constrain the parameters in (|C.18 



(C.19) 



which means that we have an {N + l)-tuple of automorphisms: 



i7rL(l,iL>) 



(C.20) 



iTvL(l,Lj) . — 1 

V. J7 ■ k >P N + 1 p~*'^Z^m=l '^"i/r- 



where 

N 

L(/,cj) = 2/+ ^(Ar + 1 -m)cu„, leZN+i. (C.21) 

m=l 

The latter provide also the most general solution to ( |(J.17] ) upon a straightforward 
identification of phases Pi. The associated group Out(U^'^^{Aiy)) is 

C)«t(Wf *(A^)) = (Z^ ® Zm+i) X Z2, (C.22) 

where the distinguished Z2 factor corresponds to the classical mirror symmetry of 
the Dynkin diagram, present already in Out(Uh{Aj^)) (p9|). 

^■'We do not consider the standard Dynkin diagram reflection. 
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The irreducible highest weight representations IZ^ of U'^^^{An) are then of the 
form: 

7^;(" C 7^eph.w.(W^(A;v))=7^epr.h.w.(W,^(A;v)) ® {^N+i ® ^2) , (C.23) 

as follows from ( |C3|) . Beware: we do not claim that all of them are inequivalent 
although it is certainly true for an arbitrary weight A G P^An) such that all Casimir 
operators are non-zero on, say, TZ^ . 



D. The algebra REA,(A^). 

In this paper we are interested in representations of REAq{A]\f) induced by the 
homomorphism: 



REA,{An)^W/\A 



{DA] 



The homomorphism was originally discussed in [^, |3^ (following the earlier results 



of 31 ) and reads 



M = L+SL- G Mat((A^ + 1) x (A^ + 1); C) ® Wr*(A^). 



(D.2) 



where 



N+l 



Bij ® Lf. 



(D.3) 



are operator- valued matrices^^ presented explicitly below. Notice that with ( p.2|) we 
automatically have detg(M) =1 (0). 



D.l L -operators 

Below we explicitly list the entries of the L^-operators obtained from the stan- 
dard universal 7^- matrices of Uq{A]^) by means of the algorithm of Faddeev, Reshetikhin 
and Takhtajan ([^): 



,jei,N+i 



for i > j, 
for i < j, 
for i > j. 



(D.4) 



^Bij are the basis matrices {eij)ki = Sikdj 
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where we have introduced the recursively defined symbols: 



V 



i,j&l,N 



- EijEj - qEjEij 



for i < j, 



(D.5) 



^ Ei+i,j = Ei+ij+iFj — q -^FjEi^ij+i for i > j. 
The above L^-operators are known to satisfy the following relations: 
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(D.6) 



and hence also 



(D.7) 



(D.8) 



with 



(D.9) 



= q^^'eu^ejj + \ eij^eji. (D.IO) 

1<«J<A^+1 l<i<j<Af+l 

At this stage it is a matter of an elementary algebra to verify that the fundamental 
M- matrix, (p.2|) , with the operator entries: 

N+l 

fc=l 

does indeed satisfy with R = R+. 

Finally, upon substituting ( p. 41) in the above formula and rearranging the re- 
sulting expressions we derive 



2e,; 



E,, + q-^X i-'^Y^'k.^A.EME 



jk 



i<k<N+l 



(D.12) 



'■J I i<j ^ t. 



j<k<N+l 



(D.13) 



Ma = k2e. 



l + q-'>? Y {-^f^^-'k-^^KEuEiu 



i<k<N+l 



(D.14) 
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with the operators Eij defined in analogy to ( p.5|) , 



= q'^ EjEij — EijEj for i < j, 
and further related to the -Ej/s through 

Amongst the (A^ + 1)^ entries of the M-matrix there is a distinguished group of the 
diagonal ones, Mjj, of which can be chosen to commute with one another^^ and 
therefore span the Cartan subalgebra of REAg(yl7v). We shall have need for them in 
the sequel. 

The convention on the L^-operators just displayed proves exceptionally conve- 
nient for the analysis to come. Finally, let us also note that the Casimir operators 
of the underlying 'REKq^A^) translate naturally into Casimir operators oi Uq"^^ {An) 
described by means of ( p.l2| )-( p.l4| ), 

tk ^ Cfc. (D.17) 

D.2 Representations of REAq(^jv). 



The irreducible highest weight representations TZ^ of REAq(y47v) induced by (|D.l 
are of the form: 

7^epind.(REA,(A^)) = Ri, Ri-^R'i^\ L{l,u))=L mod 2' 

(D.18) 

Below we demonstrate that the representations: R\, i-^^L) G P!^{An) x Z^+i are 
indeed pairwise inequivalent. 

By ( p.6|) and ( |2.1(]|) all R\ i for / G Z^+i have equal scalar operators. It is 

therefore the latter that we focus on in the sequel^'', further reducing our problem 
by making the following observation: 



manifestly true in view of, e.g., the invertibility of the elementary automorphism 
ujq^N- Accordingly, we next compare the eigenvalues of 

M;V+1,7V+1 = fc2e^+i (D.20) 



^The remaining one is the Casimir operator ci. 



The more general equivalence: i? / , ~ R ^ , is ruled out upon noting that it would - in 

("n) 'Al ("n)^A2 

particular - require that the Casimir eigenvalues for ii^i ^'Hd be equal, which is obviously not the case 
unless Ai = A2 . 
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on and R'' ; , / 7^ 0. To these ends we take a general state of the module 
Ha and - respectively - of the module 7i/ w (Vq, VJ are the corresponding highest 
weight states), 

\ UJ ^j- } I\ symb. 

(D.21) 



symb. \ N } symb. 

,0 ^ sr^ 



with all mpmj < X]i=i -^i- Using ( |C3| ) we then verify that 

Mn+1,N+1 > t^{m") = ^ G {0, /} (D.22) 

for 

h{n) := 2m"^ _ ^ _ (d.23) 

in which 

N 

So(A) := y^^kXk, 

k=l 

(D.24) 

AT iV 

si{A) := J2 kooU^k) = so(A) - (iV + 1) 5^ Afc + (iV + 1 - (D.25) 

A;=l /c=« 

In the present notation the condition of equivalence of the two irreducible represen- 
tations boils down (in view of < J2i=i -^i) the following statement: 

w 3 10, ^o(A) - si{A) Ikn n ^ m oa\ 
^o<m%<s'o{A) 3o<m5^<s;(A) ■ rn^-m^+ pTTT ^ ^ 

where 

AT N 

s',{A) = J2^k , sKA) := 5^ (afc, (^^)'A) = - A,. (D.27) 

k=l k=l 

An easy computation then shows the left hand side of (p.26|) to be equal to 

N 

m^-m^ + ^Afc-/-K (D.28) 

k=l 

and so, choosing^^ := J2k=i^k — ^oi^) ^'^^ arbitrary I E 1,N and using 
"^jv — ^li-^) — W6 arrive at the inequality: 

-K-l< ( p:28D < 0. (D.29) 



Thus (p.26|) is showed to be false which completes our proof of mutual inequivalence 



of the irreducible representations ( |D.l^ ). □ 



■^^The existence of a nontrivial state for any such choice of m%, follows from the Weyl symmetry of 
irreducible Wq(su(2))-submodules of the given REA5(yl]v)-module. 
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